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1. Introduction

Since the Great Recession, many major central banks of developed
economies have faced the effective lower bound (ELB) for their policy in-
terest rates and resorted to unconventional monetary policy to provide
further stimulus. In this extraordinary environment, how do we evaluate
the role of unconventionalmonetary policy theoretically and empirically?

In a standard New Keynesianmodel (e.g., Eggertsson andWoodford
(2003) for a closed economy and Cook and Devereux (2013a) for an
open economy), the ELB yields to the classic liquidity trap. The central
bank cannot further reduce the policy rate, and monetary policy is
completely absent. However, emerging empirical studies provide over-
whelming evidence to demonstrate the effectiveness of unconventional
monetary policy; see, for example, Gagnon et al. (2011), Hamilton and
Wu (2012), Krishnamurthy and Vissing-Jorgensen (2011), Bauer and
Rudebusch (2014), and Wu and Xia (2016) for its domestic impact,
and Neely (2015), Bauer and Neely (2014), Bowman et al. (2015), and
Chen et al. (2016) for its global effects.
er Karadi, Anna Lipińska, Argia
as participants at the NBER
t Frictions, Business Cycles, and
harles Carlstrom and Timothy

pbcsf.tsinghua.edu.cn (J. Zhang).

. This is an open access article under
We propose a tractable New Keynesian model that incorporates un-
conventional monetary policy into an otherwise standard model to be
consistent with empirical findings.We propose a Taylor (1993)-type pol-
icy rule to conveniently summarize both conventional and unconven-
tional monetary policy; seeWu and Zhang (2017) for how to implement
a negative interest rate via QE, for example. We extend the framework
ofWu and Zhang (2017), where unconventional monetary policy follows
the historical Taylor rule by construction. In this paper, we relax this as-
sumption and allow unconventional policy to be potentially less effective,
and countries can implement them asymmetrically. Our newmodel nests
the traditional model wheremonetary policy is absent at the ELB and the
model in Wu and Zhang (2017) with fully active unconventional mone-
tary policy. We illustrate our new framework with a two-country setup,
similar to Clarida et al. (2002) and Cook and Devereux (2013a), but it
can be easily extended to the small-open economy.

During normal times, a negative supply shock from the home coun-
try leads to lower home output and terms of trade. In our model, if a
sufficient amount of unconventional monetary policy is implemented,
the same results apply for the ELB. On the contrary, the standard
model implies an oppositemovement of output and terms of trade dur-
ing a liquidity trap, andwe will refer to these movements as anomalies.

The basic mechanism that leads to these anomalies consists of two
channels. First, it transmits through inflation and the real interest rate,
whichworks the sameway as in a closed-economymacromodel. A neg-
ative supply shock leads to higher inflation for home goods. At the ELB,
the nominal rate does not move, which lowers the real rate. The lower
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real rate stimulates demand and hence the equilibrium output of the
home country. In the open economy with complete financial markets,
international trade further amplifies this effect through a depreciation
in terms of trade.

Whenwe allow the two countries to implement their respective un-
conventional monetary policy asymmetrically, we find different results
for the home and foreign economies. For the home country, its own pol-
icy matters the most, whereas the foreign economy relies on both cen-
tral banks. More active home or foreign policy is associated with higher
welfare, and the most efficient case is obtained when both countries'
unconventional policies follow their historical policy rules.

We explore alternative model and parameter specifications for ro-
bustness. The anomalies are generally robust for alternative models
with one exception: the anomaly for terms of trade depends onwhether
the international financial markets are complete or not, whereas the re-
sult for output is not sensitive. We also assess the robustness of these
anomalies across alternative parameter values. We find they are not
sensitive to structural parameters, including the Frisch elasticity of
labor supply, elasticity of intertemporal substitution, and homebias. Re-
sults varymore over parameters governing the preference shock, which
creates the ELB environment.We find as long as the ELB lasts for several
quarters or longer, the anomalies hold.

Finally, we seek empirical evidence for unconventional monetary
policy in the United States, Euro area, and United Kingdom. First, we
test model implications by comparing how output responds to a supply
shock in a structural vector autoregression (VAR) between normal
times and the ELB. We find that for all three countries and regions, out-
put decreases with a negative shock to the growth rate of total-factor
productivity (TFP) regardless of normal times or the ELB. This result is
in contrast to the anomaly presented in the standard New Keynesian
model. Our theoretical model suggests unconventional monetary policy
as one potential explanation for this result.1

Next, we quantify unconventional monetary policy empirically. Spe-
cifically, we compare what has been done with what should have been
done according to the historical Taylor rule. We find the US, Euro area,
and UK have implemented a considerable amount of unconventional
monetary policy, which explains why the anomaly does not appear in
the data. Moreover, the US operates its unconventional monetary policy
similarly to the historical Taylor rule, whereas the Euro area and UK
have operated less unconventionally than what they would normally
have done.

The rest of the paper after a brief literature review proceeds as fol-
lows. Section 2 describes the theoretical model, and we discuss model
implications with and without unconventional monetary policy in
Section 3. Section 4 assesses empirical evidence for unconventional
monetary policy, and Section 5 concludes.

1.1. Literature

Our paper is related to several recent papers that investigate policy
responses in the global low interest rate environment. Cook and
Devereux (2013a) analyze the interaction betweenmonetary and fiscal
policy in a global liquidity trap with a two-country New Keynesian
model. Cook and Devereux (2013b) compare a currency union with a
system with a flexible exchange rate. Fujiwara et al. (2013) focus on
the optimalmonetary policy. Eggertsson et al. (2016) consider the effec-
tiveness of monetary and fiscal policy during the global secular stagna-
tion, using an open-economy overlapping generations model. Different
from the existing literature, ourmodel focuses on the role of unconven-
tional monetary policy.

Our empirical analysis of the Taylor rule is related to Hakkio and
Kahn (2014). The main difference is we propose alternative ways to
compute the quantity for what should have been done, and our
1 Debortoli et al. (2016) use a similar VAR result in the US to argue for unconventional
monetary policy.
methods are less subject to accumulating and compounding errors
and uncertainty over time. Our structural VAR results are consistent
with Garín et al. (forthcoming) and Debortoli et al. (2016). The differ-
ence is the literature has focused on the US, and our analysis encom-
passes the US, Euro area, and UK.

The literature has discussed alternative solutions for the ELB. For ex-
ample, Boneva et al. (2016) andGust et al. (2017) propose using nonlin-
ear methods, and Cochrane (2017) recommends exploring alternative
equilibria. We focus on unconventional monetary policy as a plausible
explanation, and a similar argument has been made to explain ELB
with different models. For example, Diba and Loisel (2017) model a li-
quidity premium as an instrument for unconventional monetary policy.
The benefit of our framework is its tractability: It is a straightforward ex-
tension of the standard New Keynesian model, and can nest various
models proposed in the literature; seeWu and Zhang (2017) for details.

The ELB environment is analogous to a currency union for country-
specific shocks; see Eggertsson et al. (2014) and Galí and Monacelli
(2016). For a discussion of their slight differences, see Erceg and Lindé
(2012). Future work could explore how to carry our framework into
that environment.

2. Model

This section describes a two-country open-economy NewKeynesian
model.Manymodel ingredients are standard and similar to Clarida et al.
(2002) and Cook and Devereux (2013a). The main difference is we do
not restrict our attention to the standard setup for the ELB, that is, the
nominal interest rate is zero and the monetary authority provides no
additional stimulus. Instead, we allow a potential role for unconven-
tional monetary policy, which could be completely inactive, fully active,
and anywhere in between. See the setup in Subsection 2.5, and eco-
nomic implications are discussed in Section 3.

The two countries, home and foreign, are the same size and symmet-
ric.Households consumebothhomeand foreigngoodswith someprefer-
ence for the domestically produced products. Firms hire labor to produce
differentiated goods, and face Calvo (1983)-type price rigidity. The wage
paid to workers is determined in a perfectly competitive labor market
without any frictions. Complete financial markets allow perfect interna-
tional risk sharing.2 Monetary policy follows a Taylor (1993) rule.

For the most part, we describe the home economy, and the foreign
optimization problems are symmetric, which are denoted by an asterisk
superscript ⁎.H stands for home-produced goods, and F is foreign goods.

2.1. Households

2.1.1. Optimization problem
Households maximize their utility over consumption and hours

worked:

maxE0

X∞
t¼0

βtΞt
C1−σ
t

1−σ
−

N1þϕ
t

1þ ϕ

" #
; ð2:1Þ

whereE is the expectation operator andβ is thediscount factor.Ξt is the
preference shifter with steady-state value 1, and ξt = log (Ξt) follows
ξt = ρξξt−1 + εξt, εξt ∼ N(0,σξ

2). Ct is consumption and Nt is labor supply.
σ is the elasticity of intertemporal substitution and ϕ is the inverse of
the Frisch elasticity of labor supply.

Their budget constraint is

PtCt þEt Q t;tþ1Btþ1
� �

¼ Bt þWtNt ; ð2:2Þ

where Pt is the consumer price index (CPI) andWt is nominalwage. Bt+1

is the period t+1 random payoff of the asset bought at t, and Qt, t+1 is
the corresponding stochastic discount factor between t and t + 1.
2 We will discuss incomplete markets in Section 3.3.4.
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Households' Euler equation is

βEt
Ξtþ1

Ξt

Ct

Ctþ1

� �σ Pt

Ptþ1

� �
¼ Et Qt;tþ1

� �
¼ 1

RB
t

; ð2:3Þ

where RB
t ¼ 1=Et ½Qt;tþ1� is the one-period nominal interest rate faced by

the household. Their first-order condition for labor supply satisfies

Wt

PtC
σ
t
¼ Nϕ

t : ð2:4Þ

2.1.2. Consumption allocation
Households consume both home (H) and foreign (F) goods:

Ct ¼ ΦCν=2
Ht C1−ν=2

Ft ; ð2:5Þ

whereΦ ¼ ðν2Þ
ν
2ð1− ν

2Þ
1−ν

2. Households have a preference bias for domes-
tic goods: they allocate ν/2 share of their expenditure to domestic goods
and 1− ν/2 to imported goods, where 1 b ν ≤ 2. The demand curves are

CHt ¼
ν
2

Pt

PHt
Ct ð2:6Þ

CFt ¼ 1−
ν
2

� �
Pt

PFt
Ct ; ð2:7Þ

and the CPI aggregates over prices for homes goods and foreign goods:

Pt ¼ Pν=2
Ht P1−ν=2

Ft : ð2:8Þ

CHt is a Dixit-Stiglitz aggregator over differentiated home goods:

CHt ¼
Z 1

0
CHt ið Þ

θ−1
θ di

 ! θ
θ−1

; ð2:9Þ

where the elasticity of substitution θ N 1. The demand curve for each dif-
ferentiated good i is

CHt ið Þ
CHt

¼ PHt ið Þ
PHt

� �−θ

;

where the producer price index (PPI) is

PHt ¼
Z 1

0
PHt ið Þ1−θdi

" # 1
1−θ

:

2.2. Inflation, terms of trade, and exchange rate

Inflation: The CPI and PPI inflations are

Πt ¼
Pt

Pt−1
ð2:10Þ

ΠHt ¼
PHt

PH;t−1
: ð2:11Þ

Terms of trade: The terms of trade are defined as the price of foreign
goods relative to domestic goods:

T t ¼
PFt

PHt
: ð2:12Þ
In the log-linear form, the terms of trade can be expressed in terms
of the real interest rate differential:

τt ¼ Et

X∞
k¼0

rr�tþk−rrtþk
� 	" #

; ð2:13Þ

where lowercase letters denote logs: τt ¼ logðT tÞ. rrt ¼ rBt −Et ½πH;tþ1�
is the home real interest rate, where rt

B = log (RtB) and πHt = log
(ΠHt), and rrt

∗ is the foreign real interest rate. Derivation details can be
found in Appendix A.

Exchange rate: The law of one price holds

ℰ t ¼
PHt

P�
Ht

¼ PFt

P�
Ft
; ð2:14Þ

whereℰt is the nominal exchange rate,which is completelyflexible. The
exchange rate and the terms of trade are related by

T t ¼ ℰ t
P�
Ft

PHt
: ð2:15Þ

Complete international financial markets with international risk
sharing implies

Ξt

Cσ
t
¼ Ξ�

t

C�
t

� 	σ Pt

ℰ tP
�
t
¼ Ξ�

t

C�
t

� 	σ T 1−ν
t : ð2:16Þ

2.3. Firms

There is a continuum of firms, indexed by i ∈ [0,1]. Each firm hires
labor and produces differentiated goods with the production function:

Yt ið Þ ¼ AtNt ið Þ; ð2:17Þ

where At is the exogenous technology process and it follows log(At)−
log (A) = ρA[log(At−1) − log (A)] + εat, where log(A) is the steady-
state value and εat ∼ N(0,σa

2). Firms' real marginal cost is

MCt ¼
1−gð ÞWt

AtPHt
; ð2:18Þ

where g is thewage subsidy for firms to ensure the efficient output level
at the steady state.

Firms set prices for differentiated goods in the Calvo fashion. A firm
can reset its price with probability 1− ζ in each period.When it does, it
chooses ~PHt to maximize

Et

X∞
k¼0

ζkQt;tþkYtþk ið Þ ~PHt−PH;tþkMCtþk


 �
;

subject to the demand curve

Ytþk ið Þ ¼
~PHt

PH;tþk

 !−θ

Ytþk;

where the stochastic discount factor is Qt, t+k = Qt, t+1Qt+1, t+2…

Qt+k−1, t+k, and the aggregate output is Yt ¼ ½
R 1
0 YtðiÞ1−

1
θdi�

θ
θ−1. The

reset price satisfies

~PHt ¼
θ

θ−1
Et∑

∞
k¼0Qt;tþkζ

k 1−gð ÞWtþkP
θ
H;tþkYtþk=Atþk

Et∑
∞
k¼0Qt;tþkζ

kPθ
H;tþkYtþk

: ð2:19Þ
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Firms keep prices constantwhen they cannot reoptimize. Finally, the
PPI evolves according to

PHt ¼ 1−ζð Þ~P1−θ
Ht þ ζP1−θ

H;t−1

h i 1
1−θ

: ð2:20Þ

2.4. Market clearing and welfare

The goods market-clearing condition is

Yt ¼ CHt þ C�
Ht : ð2:21Þ

The labor market clears when

Nt ¼
Z 1

0
Nt ið Þdi: ð2:22Þ

Welfare W is defined as the second-order approximation of house-
holds' lifetime utility. Adding two countries together, the world
welfare is

WW ¼ W þW�: ð2:23Þ

2.5. Monetary policy and the effective lower bound

The monetary policy follows a Taylor interest-rate rule:

ŝt ¼ ρsŝt−1 þ 1−ρsð Þ ϕππ̂Ht þ ϕyxt
h i

; ð2:24Þ

where st is the desired interest rate, which is the interest rate implied by
the Taylor rule. Hatted variables are log deviations from the steady
states ŝt ¼ st−s and π̂Ht ¼ πHt−π , π = log (Π), and s and Π are the
steady-state nominal interest rate and inflation. xt = yt − yt

n is the out-
put gap, yt = log (Yt), and yt

n = log (Ytn) is the natural level of output,
or the equilibrium output under flexible prices when ζ= 0; see more
details in Appendix A.1. ρs captures the persistence of the interest-rate
rule, andϕπ andϕy are the sensitivities of the nominal interest rate to in-
flation and output, respectively.

2.5.1. Effective lower bound and unconventional monetary policy
During normal times, the policy rate is

rt ¼ st :

When the ELB binds st b 0,3 the policy rate rt =0. We conveniently
summarize all monetary policy actions with the shadow rate St:

St ¼ λst : ð2:25Þ

The case of λ=0 and rBt ¼ St ¼ rt ¼ 0 corresponds to the ELB in the
standard New Keynesianmodel. In the background of the New Keynes-
ian model, money is an alternative to bond. Hence, it is undesirable for
an agent to hold a bond that pays a negative interest rate. The standard
model is mute about the central bank's unconventional monetary
policy.

However, a growing literature argues that unconventionalmonetary
policy has a stimulative effect on the economy that is similar to the ef-
fect of conventional policy, which implies λ= 1; for example, see Wu
and Xia (2016), Wu and Zhang (2017), Mouabbi and Sahuc (2017),
and Debortoli et al. (2016).
3 For simplicity, we take 0 as the lower bound, and hence the ELB becomes the zero
lower bound. In practice, the lower bound does not necessarily have to be zero (see Wu
and Xia (2016)) or a constant (see Wu and Xia (2017)).
Note that, evenwhen λ=1, agents still do not hold a bond that pays
a negative interest rate, given money as an alternative. So how does a
negative St enter the households' problem? Wu and Zhang (2017)
argue that at the ELB, the relevant interest rate for economic agents is
not the constant policy rate rt = 0. Rather, it should be some private
interest rate, rtB, in our households' problem. We can relate the private
interest rate to the policy rate by

rBt ¼ rt þ rpt ;

where rpt is the wedge between the two, which we call the risk
premium. The risk premium term could potentially capture the term
premium for a long term bond, a corporate spread, or a convenience
yield. During normal times, monetary policy actions work through rt,
and rpt = rp is a constant; hence, rtB = rt + rp. When the ELB binds, un-
conventional monetary policy, such as QE, lowers rpt to further provide
stimulus.

As a convenient shortcut, we write

rBt ¼ St þ rp; ð2:26Þ

and use the shadow rate St as a summary statistic for all conventional
and unconventional monetary policy.4 Note, St ¼ st ¼ rt during normal
times. Therefore, our model is the same as the standard model, albeit
the constant premium rp. However, ourmodel differs from the standard
model at the ELB because St summarizes the time-varying part of rpt
and incorporates unconventional monetary policy. Although Stb0, rtB re-
mains positive to be consistent with the households' optimizing
behavior.5

In this paper, we do not limit to λ=0 or λ=1. Rather, we explore
all possibilities along λ ∈ [0,1]. Quantitative analyses of the theoretical
model are in Section 3, and empirical results follow in Section 4.

3. Anomalies at the ELB and unconventional monetary policy

This section first discusses analytically and quantitatively the anom-
alies at the ELB artificially created by the standard New Keynesian
model, which does not capture any effort by the central bank's uncon-
ventionalmonetary policy; that is, λ=0 in (2.25). By contrast,we dem-
onstrate these anomalies disappear once unconventional monetary
policy is introduced in ourmodel. Next,we relax themodel assumptions
in two steps. First, we allow different degrees of activeness for uncon-
ventional monetary policy λ ∈ [0,1]. Second, we further relax λ= λ ∗

and allow the two countries to implement unconventional monetary
policy differently, and study their interactions. Finally, we consider sev-
eral alternative model and parameter specifications.

3.1. Anomalies at the ELB

This section presents the anomalies at the ELB:when a negative sup-
ply shock hits the economy, output and terms of trade increase, which is
the opposite direction from normal times. These anomalies disappear
when unconventional monetary policy is implemented. We first derive
some analytical results in a simplified setting to gain some intuition, and
then relax the simplifying assumptions and present quantitative results.

3.1.1. Analytical results
In this section, we derive analytical properties to provide some intu-

ition with the following simplifying restrictions: ρs =0 and ξt =0∀ t,
so that for any variable zt, we can write Et ½ztþ1� ¼ ρazt . The analytical
analysis also imposes ϕy = 0 for simplicity. We create the ELB
4 Wu and Zhang (2017) illustrated that the differences between various private interest
rates and Wu and Xia’s (2016) shadow rate appear to be constant.

5 Wu and Zhang (2017) demonstrated that various private interest rates in the United
States are still positive and not constraint during the ZLB era.
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environment with an interest-rate peg at the steady state Ŝt ¼ 0. We
find the solution that solves for any generic λ first and then impose λ
= 0 for the ELB, and ignore other potential equilibria that only arise
at the ELB. We will relax all these assumptions in the quantitative
Section 3.1.2.

When a supply shock occurs, the inflation differential, output differ-
ential, and terms of trade move with technology as follows:

π̂Ht−π̂�
Ft ¼ −2Θ 1þ ϕð Þ 1−ρað Þσ0Λaât ð3:1Þ

ŷt−ŷ�t ¼ Θ 1þ ϕð Þ λϕπ−ρað Þ Dþ 1ð ÞΛaât ð3:2Þ

τ̂t ¼ Θ 1þ ϕð Þ λϕπ−ρað Þσ Dþ 1ð Þ
D

Λaât ; ð3:3Þ

where ât ¼ logðAtÞ− logðAÞ , ŷt ¼ yt−y , τ̂t ¼ τt−τ , and y = log (Y)

and τ ¼ logðT Þ are the steady-state values. Θ ¼ ð1−βκÞð1−κÞ
κ N0 , Λa

¼ 1
Θðσ=DþϕÞðλϕπ−ρaÞðDþ1Þþ2σ0ð1−ρaÞð1−βρaÞ

, D= [(ν− 1)2 + σν(2− ν)] N 0,

σ0 = σ − (1 − ν/2)(σ − 1)νσ/D = σ(D + 1)/(2D) N 0. These equa-
tions lead to the following proposition:

Proposition 1. If ϕπ N 1 and Λa N 0, âtb0 implies π̂Ht−π̂�
FtN0, and
• ŷt−ŷ�t b0, τ̂tb0 when λ=1.
• ŷt−ŷ�t N0, τ̂tN0 when λ=0.

Proof: See Appendix B.1.

The contrast between the two cases in Proposition 1 illustrates
the anomalies. To demonstrate the intuition, we ignore the home
supply shock's foreign effect for now, which we will see is small in
the quantitative section. During normal times λ = 1, a negative
home TPF shock lowers the domestic output and terms of trade
when the monetary policy obeys the Taylor principal ϕπ N 1. By con-
trast, when the ELB binds and the central bank is completely out of
the picture, the same shock stimulates its own economy by raising
equilibrium output, and increases the terms of trade. In our setting,
unconventional monetary policy in (2.24) and (2.25) works the
same as the conventional Taylor rule when it is fully active with λ
=1. Hence, results for unconventional monetary policy are identical
to normal times. Λa N 0 is imposed to guarantee inflation moves in
the same direction whether λ= 0 or 1. It is always satisfied for λ
= 1, and when λ = 0, it is guaranteed by 0bρabρa , where the
bound is defined in Appendix B.1.

Proposition 1makes statements about inflation and output differen-
tials, which we then interpret as home quantities by approximating
changes to the foreign economy to zero. To see how the home economy
moves without approximation, we'll study the special case of σ=1 or
ν=2, in which the home shock does not move across the border. The
case ν = 2 corresponds to complete home bias and hence no trade,
whereas when σ = 1, income and substitution effects in the foreign
economy are completely canceled out.

Corollary 1. If (σ− 1)(ν− 2)= 0, ϕπ N 1, and Λa N 0, âtb0 implies π̂�
Ft

¼ 0, ŷ�t ¼ 0, π̂HtN0, and

• ŷtb0, τ̂tb0 when λ=1.
• ŷtN0, τ̂tN0 when λ=0.

Proof: See Appendix B.2.

Corollary 1 illustrates similar anomalies to Proposition 1. The differ-
ence is when σ= 1 or ν = 2, the foreign economy does not move in
response to the home TFP shock. Hence, we can make precise state-
ments about the home economy.

Next, we study how international trade contributes to the anomalies
at the ELB in Proposition 1. We compare the case with international
trade ν b 2 with the no-trade case ν=2.

Proposition 2. If λ = 0, 1 b σ b ϕ and Λa N 0, âtb0 implies
ŷt−ŷ�t ≥ðŷt−ŷ�t Þjν¼2N0, and τ̂t ≥ τ̂t jν¼2N0.

Proof: See Appendix B.3.

With somemild condition between σ and ϕ, international trade am-
plifies the impact of the TFP shock on output and terms of trade, which
makes the anomalies even more prominent.

3.1.2. Quantitative illustration
Setup for quantitative analysis: We set up a quantitative environ-

ment here that we will use hereafter, where we relax all the assump-
tions imposed in Section 3.1.1. We study economies' responses to a
negative home TFP shock, which serves as a supply shock. We create
the ELB environment with a sequence of preference shocks, and use
the occasionally binding method of Guerrieri and Iacoviello (2015) to
solve themodel. Model details are in AppenidxA, and details for calibra-
tion and the solution method are in Appendix C.

Results: Fig. 1 plots impulse response functions of economic quanti-
ties to a negative TFP shock in the home country. Green dots are normal
times. Red dashed lines represent that the ELB prevails in both coun-
tries. The blue solid lines plotwhat happenswhen both countries imple-
ment unconventional monetary policy following the historical Taylor
rule, that is, λ= λ ∗ =1. Note the blue solid lines and green dots always
overlap each other.

Fig. 1 illustrates the same anomalies aswe discussed in Section 3.1.1.
In response to the negative supply shock, output and terms of trade de-
crease during normal times or with unconventional monetary policy,
whereas they increase when the ELB is binding and central banks are
absent. Additionally, we also see a contrast for foreign output, albeit in
a smaller scale given the origin of the shock.

Next, we calculate welfare, which, unlike variables in Fig. 1, are non-
linear objects. We compute the total welfare in the presence of all the
shocks. We find the case with ELB and no policy intervention suffers
from the largest welfare losses for both the home and foreign econo-
mies. The losses becomemuch smaller when unconventional monetary
policy is fully active. Note that normal times have slightly higherwelfare
compared to the case with unconventional monetary policy, because
the ELB is created by preference shocks, which introduce some
inefficiency.

3.1.3. Mechanism
The basic mechanism that leads to these results consists of two

channels. First, it transmits through inflation and the real interest rate,
which works the same as in a closed-economy macro model; see Wu
and Zhang (2017), for example. A negative supply shock leads to a
higher inflation for home goods. During normal times or with uncon-
ventional monetary policy, the nominal interest rate increases as a re-
sponse, which leads to a higher real interest rate. However, at the ELB,
the nominal rate does not move, which lowers the real rate. The lower
real rate stimulates demand and hence equilibrium output in the
home country.

The open-economy model introduces an additional international
channel. To illustrate this channel, we plot in Fig. 2 the ELB cases with
and without international trade. The red dashed lines are identical to
the red dashed lines in Fig. 1. The case without trade is in black solid
lines, where ν=2.

Without trade, the foreign economy does not react to the home
shock, which is consistent with Corollary 1. International trade brings
this shock across the border into the foreign economy, which in turn
further amplifies its effect on the home output: the home country is
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Fig. 1. TFP shock in home country. Notes: A negative technological shock of -0.5% (2 standard deviations) happens in the home country in period 12. To create the ELB environment in the
blue solid and red dashed lines, a series of negative preference shocks occurs in both countries in periods 1–15, and the total shock size in each country is 23% (about 2/3 of a standard
deviation in each period). We difference out the effect of preference shocks, and only plot the additional effect of the technological shock. The blue solid lines represent the case in
which fully active unconventional monetary policy is implemented. The red dashed lines represent the case in which, when the policy rate is bounded by zero, no unconventional
monetary policy is implemented. The green dotted lines represent normal times with the standard Taylor rule, and the only shock that hits the economy is the TFP shock. The shaded
area marks periods 9–20, for which both countries stay at the ELB with only the preference shocks and without unconventional monetary policy. X-axis: time in quarters; Y-axis:
annualized percentage changes for interest rates and inflation, percentage changes relative to the steady states for output and terms of trade.
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expected to have a lower real interest rate compared to the foreign
country, which increases the terms of trade through (2.13). Higher
terms of trade imply a decrease in the relative price of home goods,
and therefore households shift their demand toward home goods.
Hence, international trade reduces foreign output and further increases
home production. This result is consistent with Proposition 2.

Discussion: The anomaly on output is robust across different param-
eter spaces and alternative model specifications; see Subsection 3.3 for
robustness. Garín et al. (forthcoming) and Wieland (forthcoming)
discussed a similar anomaly in closed-economy models. The result on
terms of trade depends on whether the international financial markets
are complete; see further discussion in Section 3.3.4. It is not sensitive
to varying parameters or other model specifications though.

3.2. Partially active unconventional monetary policy

We have studied the limiting cases in which unconventional mone-
tary policy is either completely absent, λ=0, or fully active, λ= 1. In
this section,we explore all possibilities alongλ ∈ [0,1] and allowuncon-
ventionalmonetary policy to be partially active. Section 3.2.1 imposes λ
= λ ∗ that both central banks' interventions are equally active, and we
turn to the asymmetric case in Section 3.2.2.

3.2.1. Symmetric case
Fig. 3 summarizes the response of each economic variable to the TFP

shock to a one-dimensional object and plots it as a function of λ, which
is the same as λ ∗. For the first seven variables, we plot the average
impulse response during the ELB. For λ=0 (λ= 1), they are equal to
the average values of the red dashed (blue solid) lines from period 12
to 19 (20) in Fig. 1. Both the home output and terms of trade decrease
from positive to negative as unconventional monetary policy becomes
more active, whereas the foreign output increases fromnegative to pos-
itive. Lifetimewelfare,W andW ∗, increases when unconventionalmon-
etary policy becomes more active, and fully active unconventional
monetary policy is the closest to being efficient.

Interestingly, the home country's nominal interest rate does not in-
crease monotonically with λ. Combining (2.24)–(2.26), the nominal
rate depends on the products λπHt and λyt.While λ increases, both infla-
tion and output decrease. For small λ, when λ increases, rtB increases. At
some point, the rate of decrease in πHt and yt overweighs the increase of
λ, and hence rt

B decreases.

3.2.2. Asymmetric case
Next, we further relax the assumption λ= λ ∗ and allow two coun-

tries to operate their unconventional monetary policy differently, and
study their interactions. Fig. 4 plots summary responses to the TFP
shock as functions of λ and λ ∗. Different colors represent different
values for economic quantities, where light green (dark blue) repre-
sents higher (lower) values. The 45-degree lines correspond to the sym-
metric case λ= λ ∗ in Fig. 3.

For the home country, mainly its own policy matters: the more ac-
tive its central bank is in implementing unconventional monetary pol-
icy, the lower its output and inflation. It is similar for the terms of
trade: a higher λ is associated with smaller terms of trade.
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Fig. 2. Trade vs. no trade at the ELB. Notes: A negative technological shock of -0.5% happens in the home country inperiod 12. To create the ELB environment, a series of negative preference
shocks occurs in both countries in periods 1–15, and the total shock size in each country is 23%.We difference out the effect of preference shocks, and only plot the additional effect of the
technological shock. The red dashed lines represent the case with trade, and the black solid lines represent the case without trade ν=2. In both cases, the policy rate is bounded by zero
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The foreign economy, aswell aswelfare, relies on both central banks.
Amore active home unconventional policy or a less active foreign policy
is associated with higher foreign inflation and output. For welfare,
more active home or foreign policy is associated with higher welfare.
The most efficient case happens when both countries' policies are
fully active.
3.3. Alternative specifications

This section explores alternative specifications and serves as a
robustness check. Section 3.3.1 explores alternative parameter
spaces. Section 3.3.2 assesses an alternative monetary policy rule,
Section 3.3.3 excludes trade, and Section 3.3.4 investigates incomplete
financial markets.
3.3.1. Alternative parameter space
This section assesses the robustness of anomalies discussed in Sub-

section 3.1 across alternative parameter values, where we define anom-
alies when the maximum response of y and τ are positive at the ELB.6

Fig. 5 illustrates the existence of anomalies whenwe vary the persis-
tence of the TFP dynamics ρa, the persistence of the preference shifter
ρξ, the inverse of Frisch elasticity of labor supply ϕ, elasticity of
intertemporal substitution σ, home bias ν, and the length of preference
shocks Tξ, one at a time, and set other parameters as in the baseline cal-
ibration. Gray areasmark that anomalies exist, whereaswhite areas cor-
respond to the parameter space where anomalies do not appear.
6 Results for an alternative definition, the average response of y or τ being positive, are
very similar.
The anomalies are not sensitive to structural parameters ρa, ϕ, σ, ν:
they exist as long as ρa b 0.98. This finding is consistent with the condi-
tion 0bρabρa in Proposition 1 that guarantees Λa N 0. They always exist
for all ϕ ∈ [0.1,5], σ ∈ [0.1,3], and ν ∈ [1,2].

Results vary more over parameters related to the preference shock.
The gray shades correspond to 0.86 ≤ ρξ ≤ 0.9650 or Tξ ≥ 12. Fundamen-
tally, whether anomalies exist depends on how long the ELB lasts,7

which varies substantially over ρξ and Tξ. When ρξ is too small or too
large or when Tξ is too small, the number of ELB periods is not large
enough to generate anomalies. In the case of ρξ (Tξ), anomalies are sup-
ported if ELB lasts six (three) quarters or longer.
3.3.2. CPI - based Taylor rule
Our baseline specification of the Taylor rule in (2.24) relies on the PPI

inflation. A viable alternative is to have the central bank respond to the
CPI inflation instead:

ŝt ¼ ρsŝt−1 þ 1−ρsð Þ ϕππ̂t þ ϕyxt
h i

: ð3:4Þ

Fig. 6 shows how economic quantities vary with λ= λ ∗ when the
central bank adopts the alternative Taylor rule. The economies behave
similarly to those with the PPI-based rule in Fig. 3. The impulse re-
sponses for the domestic economy and the terms of trade are lower if
the monetary policy is implemented based on the CPI inflation for
most λ, whereas the foreign quantities are higher in this case.
7 Garín et al. (forthcoming) draw a similar conclusion.
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Fig. 3. Varying degrees of activeness of unconventionalmonetary policy. Notes: For all the variables butW andW ∗, we plot the average impulse responses from period 12 to the end of the
ELB to the home country's negative TFP shock of -0.5% occurred in period 12 in blue solid lines. Black dashed linesmark zero. To create the ELB environment, a series of negative preference
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8 We use the growth rate for stationarity.
9 We end the pre-ELB sample prior to the Great Recession.
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3.3.3. No-trade case
Fig. 7 plots the summary responses to the TFP shock as functions of

both λ and λ ∗ for the case with no international trade, which is instru-
mented by ν= 2. Unlike in Fig. 4, the home economic indicators only
movewith the home policy indicator λ. The foreign economy in the sec-
ond row does not move regardless of monetary policy. Welfare, on the
other hand, still depends on monetary policies of both countries.

3.3.4. Incomplete financial markets
The benchmarkmodel in Seciton 2 and our analyses thus far assume

international financial markets are complete. This section examines in-
complete markets. The contrast between the red dashed line and blue
solid line in the left panel of Fig. 8 demonstrates the anomaly discussed
in Subsection 3.1 still exists for output. See details of the model in
Appendix D.

However,whether thefinancialmarkets are complete or not does af-
fect trade-related quantities. When the market is complete, terms of
trade decrease normally in response to a negative home TFP shock.
However, they increase in the setting of incomplete financial markets,
which is consistent with what Enders and Müller (2009) find. More-
over, international trade lowers how much output increases at the
ELB, mitigating the anomaly.

4. Empirical evidence on unconventional monetary policy

This section empirically investigates unconventional monetary poli-
cies at the ELB in the US, Euro area, and UK, and compares them with
their corresponding conventional policies. First, we test model implica-
tions by comparing impulse responses in a VAR between normal times
and the ELB. This exercise allows us to assess whether the anomaly
exists in the data. Next, to quantify unconventional monetary policy,
we rely on the Taylor rule to compare what has been done with what
should have been done.
4.1. Vector autoregression

This section analyzes unconventional monetary policy in a VAR
framework. We quantify empirically how output responds to a TFP
shock in the US, Euro area, and UK. Then we compare our empirical re-
sults with implications from our theoretical model in Section 3 to draw
conclusions.

Following Galí and Gambetti (2009), we measure TFP with labor
productivity. Our VAR has two variables: the growth rate of labor
productivity,8 Δ(yt − nt), and the log of per-capita hours, nt. We use a
first-order VAR due to the short sample in the quarterly frequency.
We identify TFP shocks through the Cholesky decomposition by order-
ing labor productivity first, which assumes a shock to hours has no con-
temporaneous impact on labor productivity growth.

We estimate the VAR for the pre-ELB and ELB samples separately.
The two samples span from 1985Q2 - 2007Q49 and 2009Q1 - 2015Q4
for the US, 1999Q1 - 2011Q3 and 20011Q4 - 2017Q4 for the Euro area,
1993Q1 - 2009Q1 and 2009Q2 - 2017Q4 for the UK. The detailed data
sources for the three countries and regions are in Appendix E.



Fig. 4. Asymmetric unconventional monetary policy. Notes: For all the variables butW andW ∗, we plot the average impulse responses from period 12 to the end of the ELB to the home
country's negative TFP shock of -0.5% inperiod 12. To create the ELB environment, a series of negative preference shocks occurs in both countries in periods 1–15, and the total shock size in
each country is 23%.Wedifference out the effect of preference shocks andonly plot the additional effect of the technological shock.W andW ∗ are thediscounted lifetimewelfare. X-axis: λ;
Y-axis: λ ∗. The color from light green to dark blue corresponds to high to lowvalues. The units are annualized percentage for interest rates and inflation, percentage for output and terms of
trade, and level for welfare. The 45-degree lines represent the symmetric case λ= λ ∗. The dashed lines are the 0 contours.
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Fig. 9 plots impulse responses of output to a -1% shock to labor pro-
ductivity growth for the three countries and regions.10 Blue solid lines
represent normal times with medians in the thick lines, and 90% confi-
dence intervals in the thin lines. Red dashed lines represent the central
tendencies at the ELB. We find that for all three countries and regions,
output decreases with a negative TFP shock regardless of normal
times or the ELB. This similarity result is in contrast to the anomaly pre-
sented by the standard New Keynesian model in Subsection 3.1, and is
potential evidence for unconventional monetary policy.

The left panel is for the US. We find the impulse response at the ELB
is initially slightly lower than normal times, and then the red dashed
and blue thick solid lines track each other closely after five quarters.
Moreover, the red dashed line is within the confidence interval in
blue. In the case of theUS, we donot find anomaly, and our result is con-
sistent with Garín et al. (forthcoming) and Debortoli et al. (2016).11
10 Output is calculated as yt+j=∑τ=0
j Δ(yt+τ − nt+τ) + nt+j, where yt−1 − nt−1 = 0.

11 We find a similar comparison for Japan. Therefore, the anomaly does not exist in Japan
either, which is consistent with Wieland's (forthcoming) findings. The details of the VAR
analysis for Japan are in Appendix F.
The middle panel is for the Euro area, and the right panel is for
the UK. Both of them show that output decreases less at the ELB
than in normal times. The differences between normal times and
the ELB are statistically significant in both cases, with the UK being
more pronounced.

These findings suggest the anomaly does not appear in the data for
the three countries and regions we examined. If unconventional mone-
tary policy were the sole source that drives the difference between the
standard New Keynesian model and what we see in the data, we
would conclude that unconventional monetary policy is as active as
usual in the US and is less active for the Euro area and UK, or λUS ≈ 1
N λEuro N λUK N 0.
4.2. Taylor rule

In Subsection 4.1, the VAR qualitatively sorts the effectiveness of un-
conventional monetary policy among the three regions and countries
based on our theoretical model. In this section, we quantify the amount
of unconventional monetary policy implemented in each country or
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Fig. 6. CPI vs. PPI - based Taylor rule. Notes: For all the variables butW andW ∗, we plot the average impulse responses from period 12 to the end of the ELB to the home country's negative
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region, and assess whether this amount we observe can explain the dif-
ference between the standard New Keynesian model and what we find
in our VAR.

We quantify unconventional monetary policy by comparing what
has been done at the ELB, measured by the shadow rates of Wu and
Xia (2016) andWu and Xia (2017),12with the desired interest rates im-
plied by the historical Taylor rule.

We estimate the historical Taylor rule,

rt ¼ β0 þ β1rt−1 þ β2πHt þ β3xt þ εt ; ð4:1Þ

which is the empirical version of (2.24), via ordinary least squares, using
the pre-ELB sample, and label the estimates ~β0;

~β1;
~β2;

~β3.When the ELB
is binding, the desired interest rate implied by the historical Taylor rule
can be calculated as follows:

~st ¼ ~β0 þ ~β1st−1 þ ~β2πHt þ ~β3xt : ð4:2Þ

Next, we calculate the activeness of unconventionalmonetary policy
by comparing the implemented monetary policy at the ELB and the de-
sired interest rate. Specifically, we regress the observed shadow rate St

on the imputed ~st to get ~λ per (2.25).
Nowwe turn our attention to st−1 in (4.2).We propose twomethods

below to proxy it.
12 Shadow rates are available for the US, the Euro area, and UK, and they can be
downloaded from Cynthia Wu's website: https://sites.google.com/view/

jingcynthiawu/shadow-rates.
4.2.1. Simple method
The simple method uses the observed shadow rate St−1 as a proxy

for st−1. Hence, (4.2) becomes

~st ¼ ~β0 þ ~β1St−1 þ ~β2πHt þ ~β3xt : ð4:3Þ

The benefit of the simple method is that the shadow rate is observ-
able to us. Hence, the calculation is simple and robust.

4.2.2. Iterative method
To measure st−1 more accurately in the case of small λ, we leverage

the relationship in (2.25), and replace (4.2) with

~st ¼ ~β0 þ ~β1St−1=~λþ ~β2πHt þ ~β3xt : ð4:4Þ

Now we face a fixed-point problem: (4.4) relies on ~λ to compute ~st ,
whereas to obtain ~λ, we regress St on ~st. We propose an iterative proce-
dure to solve this fixed-point problem. First, we give an initial guess for

λ: ~λ
ð0Þ
. Then we iterate over the following two steps until convergence:

1. Based on ~λ
ðiÞ
, compute f~sðiÞt g

T

t¼1 using (4.4).

2. Regress St on ~sðiÞt and compute ~λ
ðiþ1Þ

.

4.2.3. Empirical results
We begin with the US. We measure πHt with the inflation based on

theGDPprice deflator, xt is the real GDPminus potential GDP, and rt cor-
responds to the effective fed funds rate. The pre-ELB and ELB samples

https://sites.google.com/view/jingcynthiawu/shadow-rates
https://sites.google.com/view/jingcynthiawu/shadow-rates
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are the same as in Subsection 4.1. The details of the data are in Appendix
E. The estimate of the simple method is 1.02, and is 1.12 from the itera-
tive method. We conclude that the US unconventional monetary policy
is as active as, if not more active than, the historical Taylor rule.

The Taylor rule is known to vary over different sample periods, and
researchers' choices of sample periods in the literature are far from
unanimous. We quantify the variation of our estimates by varying the
pre-ELB estimation sample: the beginning of the sample ranges from
t0 ∈ {1982Q1 : 1990Q1} and the end of the sample varies from t1 ∈
{2003Q1 : 2008Q4}, which covers the majority of popular choices. We
compute a λ for each combination of t0 and t1 and plot its distribution
across all possible combinations in Fig. 10. The left panel plots the
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Fig. 10.Distribution ofλ for theUS. Notes: t0 ∈ {1982Q1 : 1990Q1}, and t1 ∈ {2003Q1 : 2008Q4}.
all possible combinations of t0 and t1. Left panel: simple method; right panel: iterative method
distribution for the simplemethod, and the right panel uses the iterative
method. They both center around 1: the median for the simple method
is 1.03, and is 1.19 for the iterative method. The standard error for the
simple method is 0.065, and is 0.45 for the iterative method. The itera-
tive method displays a larger variation across different sample periods
than the simple method. On the other hand, the results from the simple
methodmight be biased if λ is far from1. This is the classic bias-variance
tradeoff.

For the Euro area and UK, quarterly real potential GDP is not avail-
able. Hence, we replace xt in (4.1) with output growth Δyt, measured
by the growth rate of real GDP. The rt for the Euro area is the 3-month
Euro Interbank Offered Rate (Euribor), and it is the Bank of England
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policy rate for the UK. The details of the data are in Appendix E. For the
Euro area, t0 ∈ {1998Q2 : 1999Q1} and t1 ∈ {2009Q1 : 2011Q3}. The ELB
period is from t1 + 1 to 2017Q4. The median estimate for the iterative
(simple) method is 0.63 (0.985) with a standard error of 1.07 (0.031).
For the UK, t0 ∈ {1993Q1 : 2003Q1}, t1 = 2009Q1, and the ELB period
is from 2009Q2 to 2017Q4. The median from the iterative (simple)
method is 0.39 (0.98), with a standard error of 4.10 (0.10). Note the var-
iations across samples are larger for the Euro area - especially for the UK
- than for the US, partly due to a shorter sample.

In summary, all three central banks have implemented a consider-
able amount of unconventional monetary policy: the US operates
following the historical Taylor rule, the Euro area and UK's unconven-
tional monetary policies are less active, or λUS ≈ 1 N λEuro N λUK N 0,
which is consistent with what we find in Subsection 4.1.

5. Conclusion

We have introduced a new open-economy New Keynesian model.
Our model provides a tractable framework that allows for unconven-
tional monetary policy when the ELB is binding. We find when un-
conventional monetary policy operates following the historical
Taylor rule, the anomalies in a standard model, namely, that output
and terms of trade increase in response to a negative supply shock,
disappear. Our model allows unconventional policy to be partially ac-
tive and potentially asymmetric between the two countries. Empiri-
cally, we assess unconventional monetary policy across the US, Euro
area, and UK. The VAR analysis and the Taylor rule together point
to the conclusion: The US has operated its unconventional monetary
policy following the historical Taylor rule. Although both the Euro
area and UK have also implemented a considerable amount of un-
conventional policies, they have done less than what they normally
would have.

Appendix A. Model appendix

A.1. Flexible-price equilibrium

For any variable Zt, Ztn represents its flexible-price counterpart. In the
flexible-price economy, real marginal cost is a constant

θ−1
θ

≡MCn
t ¼

1−gð Þ Wn
t =P

n
Ht

� 	
At

¼
1−gð Þ Wn

t =P
n
t

� 	
T n

t

� 	1−ν=2

At
; ðA:1Þ

and the optimalwage subsidy satisfies θ−1
θ ¼ 1−g. Combining the labor-

supply condition, (Ctn)σ(Nt
n)ϕ =Wt

n/Ptn, the production function, Ytn =
AtNt

n, and the real marginal cost (A.1), we have

Cn
t

� 	σ Nn
t

� 	ϕ ¼ At T n
t

� 	ν=2−1
: ðA:2Þ

The risk-sharing condition holds as follows:

Ξt

Cn
t

� 	σ ¼ Ξ�
t

Cn�
t

� 	σ Pn
tɛnt Pn�
t

¼ Ξ�
t

Cn�
t

� 	σ T n
t

� 	1−ν
: ðA:3Þ

The market-clearing conditions are

Yn
t ¼ ν

2
T n

t

� 	1−ν=2Cn
t þ 1−

ν
2

� �
T n

t

� 	ν=2Cn�
t ðA:4Þ

Yn�
t ¼ ν

2
T n

t

� 	−1þν=2Cn�
t þ 1−

ν
2

� �
T n

t

� 	−ν=2Cn
t : ðA:5Þ
A.2. Log-linearized equations

Log-linearizing the consumption-savings decision in (2.3) and its
foreign counterpart yields13

r̂Bt −Et − ξ̂tþ1−ξ̂t

 �

þ σ ĉtþ1−ĉtð Þ þ π̂tþ1

h i
¼ 0 ðA:6Þ

r̂B�t −Et − ξ̂
�
tþ1−ξ̂

�
t


 �
þ σ ĉ�tþ1−ĉ�t

� 	
þ π̂�

tþ1

h i
¼ 0: ðA:7Þ

The labor-supply decision in (2.4) becomes

ŵt ¼ σ ĉt þ ϕn̂t ðA:8Þ

ŵ�
t ¼ σ ĉ�t þ ϕn̂�

t : ðA:9Þ

The market-clearing condition in (2.21) becomes

ŷt ¼
ν
2
ĉt þ 1−

ν
2

� �
ĉ�t

� �
þ ν 1−

ν
2

� �
τ̂t ðA:10Þ

ŷ�t ¼
ν
2
ĉ�t þ 1−

ν
2

� �
ĉt

� �
−ν 1−

ν
2

� �
τ̂t : ðA:11Þ

The international risk-sharing condition (2.16) is

ξ̂t−σ ĉt ¼ ξ̂
�
t−σ ĉ�t þ pt−et−p�t ¼ ξ̂

�
t−σ ĉ�t þ 1−νð Þτ̂t : ðA:12Þ

The production function in (2.17) becomes

ŷt ¼ ât þ n̂t ðA:13Þ

ŷt ¼ â�t þ n̂�
t : ðA:14Þ

Combining (2.18) and the labor-supply decision (2.4) results in the
real marginal costs:

dmct ¼ ϕn̂t þ σ ĉt−ât þ 1−ν=2ð Þτ̂t ðA:15Þ

dmc�t ¼ ϕn̂�
t þ σ ĉ�t−â�t− 1−ν=2ð Þτ̂t : ðA:16Þ

The CPI price in (2.8) yields to

pt ¼
ν
2
pHt þ 1−

ν
2

� �
pFt ðA:17Þ

p�t ¼
ν
2
p�Ft þ 1−

ν
2

� �
p�Ht: ðA:18Þ

The definitions of CPI (2.10) and PPI inflation (2.11) are

π̂t ¼ pt−pt−1 ðA:19Þ

π̂�
t ¼ p�t−p�t−1 ðA:20Þ

π̂Ht ¼ pHt−pH;t−1 ðA:21Þ

π̂Ft ¼ pFt−pF;t−1: ðA:22Þ

Combining (2.18), (2.19), and (2.20), the dynamics for the PPI infla-
tion can be written as

π̂Ht ¼ βEt π̂H;tþ1 þ Θdmct ðA:23Þ

π̂�
Ft ¼ βEt π̂

�
F;tþ1 þ Θdmc�t ; ðA:24Þ
13 We will omit “log-linearize” and “foreign counterpart” hereafter for brevity.
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where Θ ¼ ð1−βζÞð1−ζÞ
ζ N0. The definitions for terms of trade (2.12) and

nominal exchange rate (2.14) are

τ̂t ¼ pFt−pHt ðA:25Þ

pHt ¼ et þ p�Ht ðA:26Þ

pFt ¼ et þ p�Ft : ðA:27Þ

Combining (A.19) – (A.22) and (A.25) – (A.27), the CPI inflation can
be expressed as a function of PPI inflation and terms of trade:

π̂t ¼ π̂Ht þ 1−
ν
2

� �
Δτ̂t ðA:28Þ

π̂�
t ¼ π̂�

Ft− 1−
ν
2

� �
Δτ̂t : ðA:29Þ

The labor-supply decision (A.2) in the flexible-price economy be-
comes

σ ĉnt þ ϕn̂n
t ¼ ât þ ν=2−1ð Þτ̂nt ðA:30Þ

σ ĉn�t þ ϕn̂n�
t ¼ â�t− ν=2−1ð Þτ̂nt : ðA:31Þ

The international risk-sharing condition (A.3) in the flexible-price
economy is

σ ĉnt −ĉn�t
� 	

− ξ̂t−ξ̂
�
t


 �
− ν−1ð Þτ̂nt ¼ 0: ðA:32Þ

The market-clearing conditions (A.4) and (A.5) in the flexible-price
economy are

ŷnt ¼ ν
2
ĉnt þ 1−

ν
2

� �
ĉn�t

� �
þ ν 1−

ν
2

� �
τ̂nt ðA:33Þ

ŷn�t ¼ ν
2
ĉn�t þ 1−

ν
2

� �
ĉnt

� �
−ν 1−

ν
2

� �
τ̂nt : ðA:34Þ

The output gaps are defined as

xt ¼ yt−ynt ðA:35Þ

x�t ¼ y�t−yn�t : ðA:36Þ

Eqs. (A.6) to (A.36) and the monetary policy rules (2.24) and (2.25)
and their foreign counterparts summarize all equilibrium conditions.

A.3. Exchange rate, terms of trade, and interest rates

Combining the Euler (A.6) and (A.7) with the international risk-
sharing condition (A.12), we obtain

Et Δetþ1½ � ¼ rBt −rB�t : ðA:37Þ

Combining (A.37), (A.25), and (A.27), we get

τ̂t ¼ r̂B�t −Et π̂�
F;tþ1

h i
 �
− r̂Bt −Et π̂H;tþ1

� �
 �
þEt τ̂tþ1½ �

¼ crr�t−crrt þEt τ̂tþ1½ �: ðA:38Þ

Solving (A.38) forward under the stationarity condition limk→∞Et

τ̂tþk ¼ 0, we obtain (2.13).
Appendix B. Proofs

B.1. Proof of Proposition 1

In Appendix B.1 to Appendix B.3, there is only a home country's TFP

shock, that is, â�t ¼ ξ̂t ¼ ξ̂
�
t ¼ 0. Combining the market-clearing condi-

tions (A.10) and (A.11) and the international risk-sharing condition
(A.12), terms of trade can be expressed as a function of relative output:

τ̂t ¼
σ
D

ŷt−ŷ�t
� 	

: ðB:1Þ

Combining the Euler eqs. (A.6) and (A.7) with the market-clearing
conditions (A.10) and (A.11), international risk sharing (A.12), and the
definition of terms of trade (A.25), we get the IS curves for the home
and foreign countries:

ŷt ¼ Et ŷtþ1−
1
σ0

r̂Bt −Et π̂H;tþ1


 �
þ K2 Et ŷ

�
tþ1−ŷ�t

� 	
ðB:2Þ

ŷ�t ¼ Et ŷ
�
tþ1−

1
σ0

r̂B�t −Et π̂
�
F;tþ1


 �
þ K2 Et ŷtþ1−ŷt

� 	
; ðB:3Þ

whereσ0 = σ− K1, K1 ¼ ð1−ν=2Þðσ−1Þνσ=D ¼ σ
2
D−1
D ,D= [(ν− 1)2

+ σν(2− ν)], and K2 = K1/σ0. Take the difference between the home
and foreign IS curves,

r̂Bt −r̂B�t

 �

−Et π̂H;tþ1−π̂�
F;tþ1


 �
¼ σ0 1−K2ð ÞEt ŷtþ1−ŷ�tþ1

� 	
− ŷt−ŷ�t
� 	� �

: ðB:4Þ

The monetary policy rules are

Ŝt ¼ λϕππ̂Ht ðB:5Þ

Ŝ�
t ¼ λϕππ̂

�
Ft ; ðB:6Þ

where

Ŝt ¼ r̂Bt ðB:7Þ

Ŝ�
t ¼ r̂B�t ; ðB:8Þ

according to (2.26).
Substitute the monetary policy rules into (B.2) – (B.4):

ŷt ¼ Et ŷtþ1−
1
σ0

λϕππ̂Ht−Et π̂H;tþ1
� 	

þ K2 Et ŷ
�
tþ1−ŷ�t

� 	
ðB:9Þ

ŷ�t ¼ Et ŷ
�
tþ1−

1
σ0

λϕππ̂
�
Ft−Et π̂

�
F;tþ1


 �
þ K2 Et ŷtþ1−ŷt

� 	
ðB:10Þ

λϕπ π̂Ht−π̂�
Ft

� 	
−Et π̂H;tþ1−π̂�

F;tþ1


 �
¼ σ0 1−K2ð ÞEt ŷtþ1−ŷ�tþ1

� 	
− ŷt−ŷ�t
� 	� �

: ðB:11Þ

Combining the labor-supply conditions (A.8) and (A.9), production
functions (A.13) and (A.14), the risk-sharing condition (A.12), and the
market-clearing conditions (A.10) and (A.11), the real marginal costs
can be derived as

dmct ¼ ϕn̂t þ σ ĉt−ât þ 1−ν=2ð Þτ̂t
¼ ϕŷt− 1þ ϕð Þât þ σ ĉt þ 1−ν=2ð Þτ̂t
¼ ϕŷt− 1þ ϕð Þât þ σ ŷt−σ 1−ν=2ð Þ ν−

ν−1
σ

� �
τ̂t þ 1−ν=2ð Þτ̂t

¼ Kŷt− 1þ ϕð Þât þ K1ŷ
�
t ;

ðB:12Þ
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where K= σ+ ϕ− K1. The foreign country's counterpart is

dmc�t ¼ Kŷ�t þ K1ŷt : ðB:13Þ

Combining (B.12) and (B.13) with (A.23) and (A.24), the New
Keynesian Phillips curves (NKPCs) are

π̂Ht ¼ βEt π̂H;tþ1 þ ΘKŷt−Θ 1þ ϕð Þât þ ΘK1ŷ
�
t ðB:14Þ

π̂�
Ft ¼ βEt π̂

�
F;tþ1 þ ΘKŷ�t þ ΘK1ŷt : ðB:15Þ

The difference is

π̂Ht−π̂�
Ft ¼ βEt π̂H;tþ1−π̂�

F;tþ1


 �
þ Θ K−K1ð Þ

� ŷt−ŷ�t
� 	

−Θ 1þ ϕð Þât : ðB:16Þ

Next, we solve the system of equations in (B.11) and (B.16). When
λϕπ N 1, the Blanchard-Kahn condition is satisfied, and the system has
a unique solution, which is (3.1), (3.2). Next, (B.1) implies (3.3).

In our model, Θ N 0, 1 + ϕ N 0, 1 − ρa N 0, D N 0, D + 1 N 0, σ N 0,
σ0 N 0.

• When λ=1 and ϕπ N 1, Λa N 0 and λϕπ − ρa N 0.
• When λ=0, the denominator of Λa is a convex quadratic function of
ρa with one root between 0 and 1 and another root larger than 1. We
solve the root within the unit circle

ρa ¼
2σ0ð1þβÞþΘðσ=DþϕÞðDþ1Þ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½2σ0ð1þβÞþΘðσ=DþϕÞðDþ1Þ�2−16σ2

0β
p

4σ0β
, and 0b

ρabρa guarantees Λa N 0. Moreover, λϕπ − ρa b 0.

B.2. Proof of Corollary 1

When σ=1 or ν=2, K1 = K2 = 0, so that σ0 = σ, K= σ+ ϕ, and
D =1. For the foreign economy, (B.10) and (B.15) yield to

π̂�
Ft ¼ ŷ�t ¼ 0: ðB:17Þ

The solution to (B.9) and (B.14) for the home economy is

ŷt ¼ Θ λϕπ−ρað Þ 1þ ϕð ÞΛaât ðB:18Þ

π̂Ht ¼ −Θ 1−ρað Þ 1þ ϕð ÞΛaât ; ðB:19Þ

and (B.1) implies τ̂t ¼ σ ŷt .

B.3. Proof of Proposition 2

When λ=0, (3.2) and (3.3) become

ŷt−ŷ�t ¼ −ρaΘ 1þ ϕð Þ Dþ 1ð ÞΛaât ðB:20Þ

τ̂t ¼ −ρaΘ 1þ ϕð Þσ Dþ 1ð Þ
D

Λaât : ðB:21Þ

First,

∂D
∂ν

¼ 2 1−σð Þ ν−1ð Þb0;

given σ N 1. Next, take the derivative of the coefficient in (B.20) with
respect to D:

∂ −ρaΘ 1þ ϕð Þ Dþ 1ð ÞΛa½ �
∂D

¼ −ρaΘ 1þ ϕð ÞΛa 1þ Dþ 1ð ÞΛa ρaΘ ϕ−σ=D2

 �

þ σ 1−βρað Þ 1−ρað Þ
D2
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:

ðB:22Þ

Note ϕ− σ/D2 is an increasing function of D and hence a decreasing
function of ν. Therefore, ϕ − σ/D2 ≥ ϕ − σ/D2|ν=2 = ϕ − σ N 0, and
∂½−ρaΘð1þϕÞðDþ1ÞΛa �

∂D b0. That is, −ρaΘ(1 + ϕ)(D+ 1)Λa is increasing in ν
and negative. When âtb0, ŷt−ŷ�t ≥ ŷt−ŷ�t jν¼2N0.

Next, for the coefficient in (B.12),
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:

ðB:23Þ

D is decreasing in ν:D ≥ D|ν=2= 1. Therefore, (B.23) is negative, and

−ρaΘð1þ ϕÞ σðDþ1Þ
D Λa is negative and increasing in ν, or when âtb0,

τ̂t ≥ τ̂t jν¼2N0.

Appendix C. Setup for quantitative analysis

C.1. Calibration

We calibrate structural parameters according to the standard macro
and international literature. The discount factor is β = 0.99, so the
steady-state quarterly risk-free nominal interest rate is 1%. The
intertemporal elasticity of substitution is σ=2, and the inverse of the
Frisch elasticity of labor supply is ϕ= 3. The elasticity of substitution
among differentiated goods is θ = 6, implying the steady-state price
markup is 1.2. The price stickiness parameter is ζ=0.75, meaning the
average time between two price adjustments is one year. The persis-
tence of the Taylor rule is ρr = 0.8, and the sensitivities of the policy
rate to inflation and output areϕπ =1.5 andϕy =0.5/4. ν=1.5 implies
a significant home bias. The persistence and standard deviation of the
TFP shock are ρa = 0.9 and σa = 0.0025, according to Fernández-
Villaverde and Juan (2015). The persistence and standard deviation
of the preference shock are ρξ = 0.9 and σξ = 0.023, according to
Christiano et al. (2014).

C.2. ELB environment

To create an ELB environment, we impose a series of negative pref-
erence shocks on both countries. The shocks occur in periods 1–15,
and the total shock size in each country is 23%. These shocks push
down the nominal interest rate to zero at period 9 and keep it there
until period 20 when there is no unconventional monetary policy.

C.3. Negative TFP shock

In addition to the preference shocks, we hit the home countrywith a
one-time negative TFP shock with a size of -0.5% at period 12.

C.4. Solution method

When λ=1, themodel is linear, so we use the standard method for
solving the rational expectations models. When λ b 1, we use the occa-
sional binding method of Guerrieri and Iacoviello (2015).
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Appendix D. Incomplete asset markets

Following Benigno (2009), there is no longer complete international
risk sharing in the model with incomplete asset markets, where only
two nominal non-contingent bonds are traded. Then the international
risk sharing condition (2.16) no longer holds, and the household's bud-
get constraint (2.2) in the baseline model changes to:

PtCt−
BHtþ1

RB
t

þ ɛtBFtþ1

RB�
t

þ ℓPt

2RB�
t

ɛtBFtþ1

Pt
−ι

� �2

¼ ɛtBFt−BHt þWtNt þ TRt þDt ; ðD:1Þ

where BHt+1 is the debt issued in units of risk-free nominal bond
denominated in H currency, and the nominal interest rate on this bond
is Rt

B. BFt+1 is the holding of risk-free nominal bond denominated in
units of foreign currency, and the nominal interest rate on this bond is
Rt
B∗. The assumption that households of the home country hold assets
denominated in foreigncurrency and issuedebt in thehomecurrency, re-
flects thenet international positionof theUSeconomy.Weassumeaqua-
dratic transition cost when deviating the real foreign bond position from
a constant real value, denoted by ι;ℓ is nonnegative, measuring this cost
in termsof units of the consumption index, and is rescaledby the factor 1/
Rt
B∗ for analytical convenience. Thequadratic cost serves for thepurposeof
determining the steady state and getting rid of the indeterminacy prob-
lem. TRt includes government transfer and the revenues obtained from
the transaction costs paid by households in the foreign country when
trading home country bonds, andDt is the profits from firms.

The first-order conditions of home country households with respect
to domestic and foreign bonds are:
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: ðD:3Þ

Utility maximization of households in the foreign country yields the
counterparts of Eqs. (D.2) and (D.3). The equilibrium in the asset mar-
kets requires that

BHt−B�
Ht ¼ 0 ðD:4Þ

BFt−B�
Ft ¼ 0: ðD:5Þ

Combining the household's and government budget constraints, we
obtain the aggregate budget constraint of the home country:
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Appendix E. Data

• Shadow rates are downloaded from Cynthia Wu's website:

https://sites.google.com/site/jingcynthiawu/home/wu-xia-shadow-rates

• The U.S. macroeconomic variables are downloaded from the Database
of the Federal Reserve Bank of St. Louis (FRED) at http://research.
stlouisfed.org/fred2/.
– Real GDP (GDPC): billions of chained 2009 dollars, seasonally ad-

justed.
– Real potential GDP (GDPPOT): billions of chained 2009 dollars, not

seasonally adjusted.
– GDP deflator (GDPDEF): index 2009= 100, seasonally adjusted.
– Effective federal funds rate (FEDFUNDS): percent.
– Real output per hour of all persons (nonfarm business sector)

(OPHNFB): index 2009= 100, seasonally adjusted.
– Hours of all persons (nonfarm business sector) (HOANBS): index

2009= 100, seasonally adjusted.
– Civilian noninstitutional population (CNP16OV): thousands of

persons.
• The Euro area macroeconomic variables are from the ECB Statistical
Data Warehouse at http://sdw.ecb.europa.eu/home.do.
– Real GDP: reference year 1995, calendar and seasonally adjusted.
– GDP deflator: index 1995= 1, calendar and seasonally adjusted.
– Policy rate: 3-month Euribor.
– Euro area 19 (fixed composition) total economy labor productivity

(per hours worked): index, chain linked volume (rebased), calendar
and seasonally adjusted.

– Euro area 19 (fixed composition) total economy hours worked:
hours, calendar and seasonally adjusted.

– Euro area 19 (fixed composition) employment: thousands of per-
sons, calendar and seasonally adjusted.

• The UK macroeconomic variables are downloaded from the Office for
National Statistics at https://www.ons.gov.uk/ and the FRED.
– Real GDP: seasonally adjusted.
– GDP deflator: index 1995= 1, seasonally adjusted.
– Bank of England policy rate: percent per annum.
– Output per hour: index 2015= 100, seasonally adjusted.
– Average actual weekly hours of work for all workers: millions, sea-

sonally adjusted.
– Population aged 16 and over: thousands of persons.
Appendix F. VAR for Japan

The pre-ELB and ELB samples for Japan span from 1981Q1 - 1999Q2
and 1999Q3 - 2017Q4. The data include

• Total labor productivity: growth rate same period previous year, sea-
sonally adjusted.

• Hours worked (manufacturing): index 2010 = 100, seasonally ad-
justed.

• Working age population: aged 15–64, persons, seasonally adjusted.

All series are downloaded from the FRED. Details of the VAR are in
Subsection 4.1.

The results are in Fig. F1. We find the impulse response at the ELB is
slightly lower than normal times, and the red dashed line is always
within the confidence interval in blue. This result suggests that negative
supply shocks, such as the Great East Japan earthquake and oil supply
shocks, are still contractionary at the ELB in Japan. We conclude the
anomaly does not exist.

https://sites.google.com/site/jingcynthiawu/home/wu-xia-shadow-rates
http://research.stlouisfed.org/fred2/
http://research.stlouisfed.org/fred2/
http://sdw.ecb.europa.eu/home.do
https://www.ons.gov.uk/
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1 4 8
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0
Japan
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90% CI
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Fig. F1. Impulse response of output to a productivity shock. Notes: Impulse responses of
output to a -1% shock to labor productivity growth. The blue solid lines are normal
times, with thick lines being the median and thin lines representing 90% confidence
intervals. The red dashed line is the median impulse response at the ELB. X-axis: time in
quarters; Y-axis: percentage changes in output.
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